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Abstract. This paper presents an approach where the optical flow  between  frames of  video se-
quences is estimated according to a pel-recursive strategy through the use of a principal compo-
nent regression (PCR).  This is a simple choice when it comes to treat mixtures of motion vectors  
due to the fact that it is not essential to have too  much knowledge on their  statistical properties  
(although they are supposed to be normal). Local image properties are taken into consideration in  
order to estimate the 2D motion. The main advantages of  the developed procedure are: ( i) the  
noise distribution is not used directly; and (ii)  the types of motion present in  neighborhood can be  
identified, so that a discriminant-type of test can be performed. Preliminary experiments indicate  
that this approach provides robust estimates of the optical flow.
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1. INTRODUCTION

       Motion estimation has been an active, interesting and important area of research since the 
1970’s. It has many applications including  video coding,  rendering of scenes in virtual reality en-
vironments, satellite remote sensing,  surveillance, vehicle navigation and robot guidance. The evo-
lution of an image sequence motion field can also help other image processing tasks in multimedia 
applications such as analysis, recognition, tracking, restoration, collision avoidance and segmenta-
tion of objects. It is important to recall that these areas of research have a close connection to and 
are not always easy to distinguish from each other, particularly in real-world applications.
         Motion detection is employed to verify if there is motion between two video frames and the 
result is normally a region of interest indicating where motion occurs. An illustration of its use 
would be attempting to detect when changes in a scene are caused by real-world motion and not, for 
example, shadows caused by changes in illumination. Motion estimation is the process of identify-
ing motion between at least two frames within a region of interest. In this situation, the output is 
normally the magnitude and direction of the motion vectors for the region of interest, either as a 
whole or on a per-pixel basis. Motion tracking is concerned with tracking an object across multiple 
frames, and it involves further processing (segmentation, identification, filtering) of the motion esti-



mates. The  motion tracking output would normally be the current position and velocity of the target 
object. Motion compensation is used in video coding standards to decrease the size of the com-
pressed sequence by removing as much temporal redundancy as possible.

In coding applications, a block-based approach  is often used for interpolation of lost informa-
tion between key frames as shown by Tekalp [14]. The fixed rectangular partitioning of the image 
used by some block-based approaches often separates visually meaningful image features. Pel-re-
cursive schemes ([6], [7], [13], [14]) can theoretically overcome some of the limitations associated 
with blocks by assigning a unique motion vector to each pixel. Intermediate frames are then con-
structed by resampling the image at locations determined by linear interpolation of the motion vec-
tors. The pel-recursive approach can also manage motion with sub-pixel accuracy. The update of 
the motion estimate was based on the minimization of the displaced frame difference (DFD) at a 
pixel. Without auxiliary assumptions about the  motion of each pixel, this estimation problem be-
comes “ill-posed” because of the following problems: a) occlusion; b) the solution to the 2D motion 
estimation problem is not unique (aperture problem); and c) the solution does not continuously de-
pend on the data due to the fact that motion estimation is highly sensitive to the presence of obser-
vation noise in video images.  

We propose to unravel optical flow (OF) problems through a well-stablished technique for di-
mensionality reduction called principal component analysis (PCA) and is closely related to the EM 
framework presented in [4] and [15]. Such approach accounts better for the statistical properties of 
the errors present in the scenes than the solution offered  in previous works ([1],[4) relying on the 
assumption that the contaminating noise has a normal distribution. 

Most methods assume that there is little or no interference between the individual examplar 
constituents or that all the elements in the samples are known ahead of time. In real world samples, 
it is very unusual, if not entirely impossible to know the entire composition of a mixture sample. 
Sometimes, only the quantities of a few constituents in very complex mixtures of multiple con-
stituents are of interest ([2],[13],[15]).

This article proposes a new method for estimating optical flow which incorporates a general 
PCR model. This method is based on the works of Jollife [12] and Wold [16] and involves a much 
simpler computational procedure than previous attempts at addressing mixtures such as the ones 
found in [2], [13] and [15].  In the next section, we will set up a model for our optical flow estima-
tion problem, and  in  the following section present a brief review of previous work in this area, 
stating  the simplest and most common form of regression: the ordinary least squares (OLS), as well 
as one of its extensions,  the regularized least squares, RLS,  ([5],[8],[9],[10],[11],[12],[14]). Sec-
tion 4 introduces the concepts of PCA, and principal component regression. Section 5 describes our 
proposed technique and shows some experiments used to access the performance of our proposed 
algorithm. Finally, a discussion of the results and future research plans can be found in Section 6.

2. PROBLEM FORMULATION

Displacement Estimation

The displacement of each pixel in each frame forms the displacement vector field (DVF) and 
its estimation can be done using at least two adjacent frames. The DVF is the 2D motion resulting 
from the apparent motion of the image intensities (OF), so that a specific displacement vector is as-
signed to each point in the image. 

A pixel belongs to a moving area if its brightness has changed between consecutive frames. 
Hence, our goal is to find the corresponding intensity value Ik(r) of the k-th frame at location r = [x, 
y]T, and d(r) = [dx, dy]T the corresponding (true) displacement vector (DV) at the working point r in 
the current frame. Pel-recursive algorithms minimize the DFD function in a small area containing 
the investigated point assuming constant image brightness along the motion trajectory.  The DFD is 
defined by             



∆(r;d(r))=Ik(r)-Ik-1(r-d(r)), (1)

and the perfect registration of frames will result in    Ik(r)=Ik-1(r-d(r)). The DFD represents the error 
due to the nonlinear temporal prediction of the intensity field through the DV. The relationship be-
tween the DVF and the intensity field is nonlinear. An estimate of d(r), is obtained by directly mini-
mizing ∆(r,d(r)) or by determining a linear  relationship between these two variables through some 
model. This is accomplished by using the Taylor series expansion of Ik-1(r-d(r)) about the location 
(r-di(r)), where  di(r) represents a prediction of d(r) in i-th step. This results in 

∆(r,r-di(r))=-uT ∇ Ik-1(r-di(r))+e(r, d(r)), (2)

where the displacement update vector u=[ux, uy]T = d(r) – di(r), e(r, d(r)) represents the error result-
ing from the truncation of the higher order terms (linearization error) and ∇=[∂/∂x, ∂/∂y]T represents 
the spatial gradient  operator. Applying (2) to all points in a region  of  pixels neighboring the cur-
rent pixel being studied gives 

z = Gu+n, (3)

where the temporal gradients ∆(r, r-di(r)) have been stacked to form the N×1 observation vector z 
containing DFD information on all the pixels in a neighborhood , the N×2 matrix G is obtained 
by stacking the spatial gradient operators at each observation, and the error terms have formed the 
N×1 noise vector n which is assumed Gaussian with n~N(0, σn

2I). Each row of G has entries [gxi, 
gyi]T, with i = 1, …, N. The spatial gradients of Ik-1 are calculated through a bilinear interpolation 
scheme similar to what is done in [4] and [5].

Once we have stated the problem, we need to investigate possible ways of solving the previous 
expression. This paper concentrates its attention on regression-like methods.

3. THE TRADITIONAL WAY: ORDINARY LEAST SQUARES 

The ordinary least -squares (OLS) estimate of the update vector is  

uLS = (GTG )-1GT z (4)

which is given by the minimizer of the functional  J(u)=║z-Gu║2  (for more details, see [ 4], [5] 
and [ 7]). From now on,  G will be analyzed  as being an N×p matrix in order to make the whole 
theoretical discussion easier.

Since G may be very often ill–conditioned, the solution given by (4)  will be usually unaccept-
able due to the noise amplification resulting from the calculation of the inverse matrix GTG and the 
fact that its elements  are approximation of derivatives. In other words, the data are erroneous or 
noisy. Therefore, one cannot expect an exact solution for the previous equation, but rather an ap-
proximation according to some procedure.

The assumptions made about n for least squares estimation are  E(n)=0, and Var(n)=E(nnT)=σ
2IN, where E(n) is the expected value (mean) of n, IN, is the identity matrix of order N, and nT is the 
transpose of  n . 

The simplest way to stabilize the matrix inverse is to add a constant to the diagonal. This is a 
consequence of minimizing the functional 



2 2

2 2
( )J λ λ= − +x y Ax Qx ,

resulting in the biased regularized solution obtained in [5] and [9] and shown in (5). Useful proper-
ties related to some prior knowledge about the problem is seized by the regularization operator Q . 
In general,  Q  is selected so that the new result is smoother than the one given by the ordinary LS 
approach. This function is expected to have some regularity properties such as continuity and differ-
entiability. The key point for obtaining sensible parameter estimates via regularization is the ability 
to use the additional qualitative information brought in by Q  and to pick up the adequate regular-
ization parameters. The formal expression is

uRLS = (GTG + λ I)-1GT z, (5)

where λ is the regularization coefficient. The resulting  regression coefficients are biased as a result 
of the use of regularization. As their variance decrease, however, the model becomes more stable 
with respect to the prediction error. The variance–bias impasse is a general problem in multivariate 
regression. The model bias can only be reduced at the expense of increased model variance and vice 
versa. The expected prediction error is the sum of two components:

2ˆE(( - ) )z z = (model bias)2 + (model variance). (6)

4. PRINCIPAL COMPONENT REGRESSION (PCR)

PCR relies upon the principal component analysis of the G data matrix. Several algorithms are 
available ([10],[11],[12]). They yield the same result, but differ in memory and computing time re-
quired.

The classical algorithms use the matrix GTG in one way or another. This has dimensions p×p.

Principal Component Analysis (PCA)

PCA is a useful method to solve problems including exploratory data analysis, classification, 
variable decorrelation prior to the use of neural networks, pattern recognition, data compression, 
and noise reduction, for example.  The formulation of PCA implies a Gaussian latent variable mod-
el and can easily  lead to Bayesian  models. 

This approach is used whenever  uncorrelated linear combinations of variables are wanted. It 
reduces the dimensions of a set of variables by reconstructing them into uncorrelated combinations. 
The variables that account for the largest part of the variance to form the first PC are combined. The 
second PC accounts for the next largest amount of variance, and so on, until the complete sample 
set variance is combined into progressively smaller uncorrelated component categories. Each suc-
cessive component explains portions of the variance in the total sample. All of the components are 
uncorrelated with each other. PCA relates to the second statistical moment of G, which is propor-
tional to GTG and it  partitions G into two matrices T and P, such that:

G = TPT. (7)

Matrix T contains the eigenvectors of GTG ordered by their eigenvalues with the largest first 
and in descending order. If P has the same rank as G, i.e.,  P contains the eigenvectors to all non-
zero eigenvalues, then T = GP is a rotation of  G. The first column of P, p1, gives the direction that 



minimizes  the  orthogonal  distances  from the  samples  to  their  projection onto this  vector.  This 
means that the first column of T represents the largest possible sum of squares as compared to any 
other direction in N. It is customary to center the variables in  matrix G prior to using PCA. This 

makes GTG proportional to the variance-covariance matrix. The first principal axis is then the direc-
tion in which the data have the largest spread. T and P can be found by means of singular value de-
composition and, sometimes, are  called scores and loadings respectively,. The number of compo-
nents can be chosen via examination of the eigenvalues or, for instance, considering the residual er-
ror from cross-validation ([5].[12]). Due to the nature of our stated motion estimation problem, we 
will keep the PCs and use them to group displacement vectors inside a neighborhood. The resulting 
clusters give an idea about the mixture of motion vectors inside the mask.

Principal Component Regression

As its name implies, this method is closely related to principal components analysis. In essence, the 
method is just multiple linear regression of  PCA scores on z using a suitable number of principal 
components. The formal solution may be written as:

uPCR = P(TTT)−1TTz . (8)

In  principal  components  regression  (PCR) the  matrix  inverse  is  stabilized  in  an altogether 
different way than in RLS regression. The scores vectors (columns in T) of different components 
are  orthogonal.  PCR  uses  a  truncated  inverse  where  only  the  scores  corresponding  to  large 
eigenvalues are included. The main disadvantage of PCR is that the largest variation in G might not 
correlate with z and therefore the method may require the use of a more complex model. Some nice 
properties of the PCR are:

1) Using a complete set of  PCs, PCR will produce the same results as the original 
OLS, but with possibly more accuracy if the original GTG matrix has inversion prob-
lems.

2) If GTG is nearly singular, a solution better than the one given by the OLS can be ob-
tained by means of a reduced set of  PC´s  due  to the calculated variances . If GTG is 
singular, the vector associated with the zero root may point towards removing one or 
more of the original variables.

3) Since the PCs are uncorrelated, straightforward significance tests may be employed 
that do not need be concerned with the order in which the PCs were entered into the 
regression model. The regression coefficients will be uncorrelated and the amounts 
explained by each PC are independent and hence additive so that the results may be 
reported in the form of an analysis of variance.

4) If the PCs can be easily interpreted, the resultant regression equations may be more 
meaningful.

The criteria for deciding when PCR estimators are superior to the OLS estimators depend on 
the values of the true regression coefficients in the model.

5. PROPOSED STRATEGY AND EXPERIMENTS

The  division of objects into groups can be formulated as a mathematical problem consisting of 
finding  the boundaries between the groups (clustering). This discrimination between objects can be 



highly nonlinear. An object is, or is not, a member of a class, depending on which side of the class 
boundary it lies. 

Linear discriminant analysis is limited to situations where a sample belongs to exactly one of m 
classes. Sometimes the problem is such that a sample may belong to more than one class at the 
same time, or not belong to any class. In this method each class is modelled by a multivariate nor-
mal in the score space from PCA. Two measures are used to determine whether a sample belongs to 
a specific class or not. One is the leverage—the Mahalanobis distance  to the center of the class, the 
class boundary being computable as an ellipse (please, see Fig. 1). The other is the norm of the 
residual, which must be lower than a critical value.

In Fig. 1, a set of observations is plotted with respect to the first two PCs. One can easily appre-
hend that  there is a strong suggestion of four distinct groups on which convex hulls and ellipses 
have been drawn around the four suspected groups. It is likely that the four clusters shown corre-
spond to four different types of displacement vectors. For a big neighborhood,  it could happen that 
these vectors would not be readily distinguished using only one variable at a time, but the plot with 
respect to the two PCs clearly distinguishes the four populations.

Figure 1 - An example of cluster analysis obtained by means of principal components

PCR provides additional information about the data being analyzed. The eigenvalues of the cor-
relation matrix of predictor variables play an important role in detecting multicollinearity and in an-
alyzing its effects. The PCR estimates  are biased, but may be more accurate than OLS estimates in 
terms of mean square error. It is impossible to evaluate the gain in accuracy for a specific problem 
since a comparison of the two methods to OLS since for real video sequence, knowledge of the true 
values of the coefficients is required. Nevertheless, when severe multicollinearity is suspected, it is 
recommended that at least one set of estimates in addition to the OLS estimates be computed since 
these estimates may help interpreting  the data in a different way. There is no strong theoretical jus-
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tification for using principal components regression. We recommend that the methods be used in 
the presence of severe multicollinearity as a visual diagnostic tool for judging the suitability of the 
data for least squares analysis. 

When principal component analysis reveals the instability of a particular data set, one should 
first consider using least squares regression on a reduced set of variables. If least squares regression 
is still unsatisfactory, only then should principal components  be used.  Besides exploring the most 
obvious approach, it reduces the computer load.

Outliers and other observations should not be automatically removed,  because they are not 
necessarily bad observations. As a matter of fact, they can signal some change in the scene context 
and if they make sense according to the above-mentioned criteria, they may be the most informative 
points in the data. For example, they may indicate that the data did not come from a normal popula-
tion or that the model is not linear. 

When cluster analysis is used for dissection, the aim of a two-dimensional plot with respect to 
the first two PCs will almost always be to verify that a given dissection ‘looks’ reasonable.  Hence, 
the diagnosis of  areas containing motion discontinuities can be significantly improved. If additional 
knowledge on the existence of  borders is used, then ones ability to predict the correct motion will 
increase. 

Principal components can be used in cluster (discriminant) analysis, given the links between re-
gression and discrimination. The fact that separation between populations may be in the directions 
of the last few PCs does not mean that PCs should not be used at all in discriminant analysis.  In re-
gression, their uncorrelatedness implies that a linear discriminant analysis shows the contribution of 
each PC and that they can be assessed independently. This is an advantage compared to using the 
original variables, where the contribution of one of the variables depends on which other variables 
are also included in the analysis, unless all elements  are uncorrelated. This latter approach holds for 
types of discriminant analysis in which the covariance structure is assumed to be the same for all 
populations. However, it is not always realistic to make this assumption, in which case some form 
of non-linear discriminant analysis may be necessary. The same type of quantity is also used for de-
tecting outliers. To classify a new observation, a “distance” of the observation from the hyperplane 
defined by the retained PCs is calculated for each group. If new observations are to be assigned to 
one and only one class,  then assignment is to the cluster from which the distance is minimized. Al-
ternatively, a tough decision may not be required and, if all the distances are large enough, the ob-
servation can be left unassigned. As it is not close to any of the existing groups, it may be an outlier 
or come from a new group about which there is currently no information. Conversely, if the classes 
are not all well separated, some future observations may have small distances from more than one 
population. In such cases, it may again be undesirable to decide on a single possible class; instead 
two or more groups may be listed as possible loci for the observation.

At this time, we have done an analysis of the PCR for motion estimation purposes and the  re-
sults for SNR=20 dB are shown in Fig, 2. In the meantime, they can function as a way of illustrat-
ing the performance  obtained  with our approach. The SNR is defined in [4] and [5] as

SNR = 10log10 (σ2/σc
2), (9)

where σ2 is the variance of the original image and  σc
2  is the variance of the noise corrupted image.



(a)

                     

(b)                                                                         (c)

Figure 2 - Displacement  field for the Rubik Cube sequence. (a) Frame of Rubik Cube Sequence; 
(b) Corresponding DVF for a 31×31 mask obtained by means of PCR with SNR=20 dB; and (c) 

PCR with discriminant analysis, 31×31 mask and edge information with SNR=20 dB.

6. CONCLUSIONS

      One area that is of recent interest in motion estimation is robust techniques. They have been ap-
plied to many areas with some excellent results. In theory, it is desirable to have a robust technique 
for use in applications relying on motion detection.  However, in practice a trade-off must be made 
between the computational cost and the performance increase.
       Even using a dense set of optical flow measurements, least-squares (LS) strategies and analo-
gous  unweighted methods are sensitive to errors in the optical flow. Classically, the errors are as-
sumed to be normally distributed with a zero mean and unknown standard deviation. Traditional 
techniques perform optimally when this model holds. However, real data does not often completely 
satisfy these assumptions, in particular data containing outliers. Two possibilities to solve this prob-
lem are outlier diagnostics and robust regression. Outlier diagnostics tries to identify and remove 
data outliers before applying  regression while robust regression performs the regression while min-
imizing the effect of outliers on the result. 

In this paper, the PCR framework was extended to the detection of motion fields. The algo-
rithm developed combines regression and PCA which is primarily a data-analytic method that ob-
tains linear transformations of a group of correlated variables such that certain optimal conditions 
are  achieved.  As  a  result,  the   transformed  variables  are  uncorrelated.   Unlike  other  works 
([8],[11],[12]),  there is no interest in reducing the dimensionality of the feature space which de-



scribes the different behaviors inside a neighborhood surrounding a pixel. Instead, we use them in 
order to validate motion estimates.  This can be seen as a simple alternative way of dealing with 
mixtures of motion displacement vectors.

The proposed  algorithm  has to undergo more tests   with different types of motion  and noise. 
The performance of the discriminant analysis scheme can also benefit from further studies. It is also 
necessary to incorporate more statistical information to our model  and analyze  if it will improve 
the outcome. 
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